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ABSTRACT This paper proposes a hybrid multi-user equalizer for the uplink of broadband millimeter-
wave massive multiple input/multiple output (MIMO) systems with dynamic subarray antennas. Hybrid
subconnected architectures are more suitable for practical applications since the number of required phase
shifters is lower than in fully connected architectures. We consider a set of only analog precoded users
transmitting to a base station and sharing the same radio resources. At the receiver end, the hybrid multi-user
equalizer is designed by minimizing the sum of the mean square error (MSE) of all subcarriers, considering
a two-step approach. In the first step, the digital part is iteratively computed as a function of the analog
part. It is considered that the digital equalizers are computed on a per subcarrier basis, while the analog
equalizer is constant over the subcarriers and the digital iterations due to hardware constraints. In the second
step, the analog equalizer with dynamic antenna mapping is derived to connect the best set of antennas to
each radio frequency (RF) chain. For each subset of antennas, one antenna and a quantized phase shifter are
selected at a time, taking into account all previously selected antennas. The results show that the proposed
hybrid dynamic two-step equalizer achieves a performance close to the fully connected counterpart, although
it is less complex in terms of hardware and signal processing requirements.
INDEX TERMS Multi-user equalizer, hybrid dynamic architecture, massive multiple input/multiple output
(MIMO), millimeter-wave communications.
I. INTRODUCTION
The use of an unlicensed spectrum at a millimeter-wave
(mmWave) frequency band has enabled the massive increase
in wireless data associated with the next generation of
wireless communications [1]. While current 4G wireless
communications have bandwidths up to 20 MHz, mmWave
frequencies can reach bandwidths of 2 GHz or even more [2].
However, the design of mmWave communications presents
considerable challenges such as propagation difficulties
(severe path loss, penetration losses and fading effects [3]).
To compensate for the propagation losses, one can employ
highly directional beamforming techniques using a large
The associate editor coordinating the review of this manuscript and
approving it for publication was Yunlong Cai.
number of antennas [4]. In fact, the short wavelengths associ-
ated with mmWave frequencies allow packing a large antenna
array in a small space, which enables the use of massive mul-
tiple input/multiple output (mMIMO) systems to form narrow
beams for high beamforming gains [5]. The combination of
mMIMOwithmmWave is very promising, but it also presents
several difficulties. For instance, the channels tend to be
more correlated [6]–[8], and the power consumption and high
cost of some hardware components of radio frequency (RF)
chains (e.g., analog-to-digital converters (ADCs) and digital-
to-analog converters (DACs), mixers, power amplifiers, etc.,
which can be much more complex at mmWave frequencies)
make it impracticable to have one fully dedicated RF chain
for each antenna; additionally, new beamforming techniques
need to be developed [9], [10].
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To overcome these hardware limitations, a fully analog
beamforming approach could be explored, using only phase
shifters to reduce the complexity of implementation [11], but
this limits the achievable performance and capacity since this
approach is generally employed in single-stream transmis-
sions [12]. Another option would be the use of fully digital
systems with low-complexity devices (e.g., low-resolution
DACs/ADCs). Although one can achieve acceptable perfor-
mance at a low signal-to-noise ratio (SNR), the degradation
at high SNR regions can be substantial [13].
To improve the performance of previous approaches, some
hybrid architectures were proposed in [14]–[16], where part
of the signal processing is implemented in the analog domain,
and the remaining processing is left in the digital domain.
The schemes discussed in [17]–[23], [26]–[27] and [30] con-
sidered a fully connected hybrid analog-digital architecture,
since each RF chain is physically connected to all antennas.
However, this architecture requires a large number of con-
nections for a large number of antennas and/or RF chains.
Therefore, schemes based on subconnected (or partially con-
nected) hybrid architectures, where each RF chain is only
connected to a subset of antennas, have been proposed. There
are two main types of subconnected architectures: dynamic
and fixed [30]. In the dynamic subconnected case, each RF
chain can be dynamically connected to different subsets of
antennas, while in the fixed subconnected case, each RF
chain is always physically connected to the same subset of
antennas. Precoding schemes for fixed subconnected hybrid
architectures have been proposed in [24]–[27] and [29], while
the dynamic case was studied in [28]–[30]. In addition to
the fully connected and subconnected architectures, [31] pre-
sented one architecture where the RF chains are also divided
into subsets of RF chains, and then that subset of RF chains
is connected to all the antennas of the corresponding antenna
subset, which is a generalization of the referred fully con-
nected and subconnected architectures.
Since dynamic architectures are more flexible and tend to
exhibit better performance, they will be considered in this
paper.
A. PREVIOUS WORK ON FULLY CONNECTED
ARCHITECTURES
Transmit and receive beamforming for narrowband sys-
tems were proposed for fully connected hybrid architectures
in [17]–[20]. In [17], a precoder and combiner based on
the spatial sparsity of the channel for the single-user multi-
stream case were designed. For multi-user downlink systems,
the authors of [18] proposed a low-complexity hybrid block
diagonalization scheme. The analog precoder and combiner
were designed to harvest the large array gain provided by
the use of mMIMO, while the baseband processing is used
to cancel the inter-user interference. A nonlinear multi-user
equalizer, based on the iterative block decision feedback
equalization (IB-DFE) principle [32]–[35], was proposed
in [19]. In [20], a hybrid beamforming system based on
a dual polarized array antenna was proposed. Two hybrid
beamforming algorithms were designed using only limited
feedback channel information.
Solutions for broadband systems can also be found
in [21]–[23]. To solve the equalization problem in severely
frequency-selective channels, hybrid precoder and codebook
designs for single-user limited feedback systems were dis-
cussed in [21], where the analog precoder is constant over the
subcarriers, but the digital precoder can change between sub-
carriers. For the multi-user case, statistical MIMO - Orthogo-
nal Frequency Division Multiplexing (OFDM) beamformers
without instantaneous channel information were designed
in [22]. This was done based on analysis of the channel
covariance matrices, and the beams were formed using the
dominant eigenvectors to select the main directions. In [23],
a hybrid precoder based on the vector quantization concept
was proposed where the total transmit power is minimized.
B. PREVIOUS WORK ON SUBCONNECTED
ARCHITECTURES
Schemes for fixed subconnected hybrid architectures have
been proposed in [24]–[27]. In [24], a hybrid iterative block
multi-user equalizer optimized using the average bit-error
rate as ametric was proposed. The analog part of the equalizer
was computed sequentially over the RF chains using a dictio-
nary built from the array response vectors. A hybrid precoder
was designed in [25] for multi-user systems, where the non-
convex optimization problem with coupling constraints was
transformed into a problem with separable constraints. Then,
using block coordinate descent methods, the separable prob-
lemwas solved. The authors of [26] studied a hybrid precoder
structure over limited feedback channels for multi-user sys-
tems in fixed subconnected and fully connected architectures.
The effect of quantized hybrid precoding was characterized,
and a channel correlation-based codebook was employed,
showing a clear advantage over conventional codebooks
based on random vector quantization. Solutions for multi-
user downlink broadband massive MIMO-OFDM systems
were proposed in [27]. Hybrid beamformers were designed
by maximizing the overall spectral efficiency for both hybrid
fully connected and fixed subconnected architectures.
Dynamic subconnected hybrid architectures were recently
addressed in [28]–[30]. He et al. [28] proposed a two-step
algorithm for single-user narrowband systems that iteratively
optimized the hybrid precoder to maximize the spectral effi-
ciency, obtaining an extra data stream via the index of the
active antenna set without any extra RF chain. A directional
hybrid precoding was designed in [29] for a narrowband
multi-user system with multiple eavesdroppers, considering
both fixed and dynamic subconnected approaches. The goal
of this design was to guarantee the receive quality of the
legitimate users and to minimize the power leaked to the
eavesdroppers. In [30], solutions for fully connected, fixed
and dynamic subconnected OFDM hybrid precoding were
designed for single-user systems, considering the sum of
mutual information as an optimization metric. With this
technique, the hybrid subarrays were built using long-term
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characteristics of the frequency-selective mmWave channel.
To our knowledge, dynamic subconnected hybrid techniques
for the uplink of multi-user broadband mmWave massive
MIMO systems have yet to be addressed in the literature.
C. MAIN CONTRIBUTIONS
In this paper, we propose a solution for the uplink of multi-
user broadbandmmWavemMIMO systems that addresses the
complexity and power consumption issues of these systems.
Therefore, our design options include the following:
• The use of SC-FDMA, which can cope with multi-path
effects as well as the popular OFDM schemes, but the
transmitted signals have a much lower peak-to-average
power ratio (PAPR).
• To keep the user terminals (UTs) simple, reduce the
hardware costs and power consumption, an analog-
only precoder is considered for the UTs. The analog
precoder does not require full channel state information
(CSI) knowledge, and the CSI estimation complexity is
shifted to the base station (BS).
• The use of a dynamic subconnected hybrid architecture
at the BS requires fewer phase shifters and physical
connections between the antennas and RF chains than
the fully connected counterpart.
It is well known that linear multi-user equalizers are
not the best ones for SC-FDMA systems due to the resid-
ual interference. It has been shown that nonlinear/iterative
multi-user equalizers, in particular the ones based the
IB-DFE principle, outperforms linear ones and have excellent
performance–complexity tradeoffs [37]. Considering hybrid
architectures, the design of joint iterative/nonlinear analog
and digital equalizer is not practical, since it would require
the storage of analog signals to apply the iterative structure
in the analog domain. Therefore, we design a sub-optimal
two-step approach. In the first step, the closed-form iterative
digital equalizer is obtained as a function of the analog part
of the equalizer. In the second one, the analog equalizer
with dynamic antenna mapping, is derived assuming that
the digital part will fully remove the interference. The main
contributions of this paper are as follows:
• Design a new hybrid dynamic subconnected two-step
multi-user equalizer based on minimization of the sum
of the mean square error (MSE) of all subcarriers,
which is shown to be equivalent to minimizing the
weighted error between the hybrid dynamic equalizer
and the fully digital one.
◦ The digital part is computed iteratively over the
subcarriers based on the IB-DFE principle. The
feedforward and feedback matrices are obtained
as functions of the analog part.
◦ Design an analog equalizer with a dynamic
antenna architecture. The algorithm selects the
best antenna mapping and the corresponding
quantized phase shifter for each radio frequency
(RF) chain. This is done sequentially by consid-
ering the previous antenna map and phase shifter
values to select a new antenna and phase shifter.
TABLE 1. Notations adopted in the paper.
• Proposal a simple yet accurate semianalytical approach
for obtaining the performance of the proposed hybrid
dynamic receiver structure.
• Analysis of the computational complexity of the pro-
posed algorithm.
The numerical results show that the proposed dynamic
subconnected hybrid multi-user equalizer outperforms the
fixed subconnected counterpart and almost achieves the per-
formance of the fully connected one.
The remainder of this paper is structured as follows:
Section II describes the system model adopted in the paper.
In Section III, we design the hybrid dynamic subconnected
iterative analog-digital multi-user equalizer. In Section IV,
we show the main performance results. Finally, the main
conclusions of the paper are presented in Section V.
D. NOTATIONS
Capital boldface letters denote matrices, and lower boldface
letters denote column vectors. The remaining notations in this
paper are presented in Table 1.
II. SYSTEM MODEL CHARACTERIZATION
In this paper, we consider an uplink broadband mmWave
system with Nc available subcarriers and using SC-FDMA as
the access technique. We assume that the system has U UTs
sharing the same radio resources and one BS.
A. USER TERMINAL DESCRIPTION
Each UT transmits a single data stream per subcarrier and
has Ntx antennas. The block diagram of the uth UT is shown
in Fig. 1. We consider M-QAM constellations, where su,t ,
t ∈ {1, . . . ,Nc} denotes a data symbol with E[|su,t |2] = σ 2u .
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FIGURE 1. Block diagram of the uth UT.
We also consider G data blocks with S = Nc/G length,
where
{
su,t
}gS
t=(g−1)S+1 is the gth data block of sequence{
su,t
}Nc
t=1. Moreover, the DFT of
{
su,t
}gS
t=(g−1)S+1 is denoted
as
{
cu,k
}gS
k=(g−1)S+1. For the sake of simplicity, the index
g is omitted once each S-length data block is processed
independently. Therefore, hereinafter, the block is denoted
as
{
su,t
}S
t=1, and its DFT is denoted as
{
cu,k
}S
k=1. After
the DFT, the data in the frequency domain are interleaved
to increase the diversity order and mapped in the OFDM
symbol. To end, the cyclic prefix (CP) is added. The analog
precoder employed at the UT is mathematically modeled
by fa,u ∈ CNtx . This represents the physical analog phase
shifters, which require that all elements of fa,u must have an
equal magnitude, i.e., |fa,u(n)|2 = N−1tx .
For the uth user at the kth subcarrier, the discrete trans-
mit baseband signal xu,k ∈ CNtx may be mathematically
described by
xu,k = fa,ucu,k , (1)
where cu,k ∈ C. The analog precoder fa,u does not have a
subcarrier index k , since an analog precoder computed on a
per subcarrier basis would require SNtx phase shifters, which
can be impractical. For complexity reasons, a decoupled
transmitter-receiver optimization problem is also assumed,
and since the aim of this paper is to design a hybrid multi-
user equalizer, we consider a low-complexity analog pre-
coder based on the average angles of arrival (AoD) discussed
in [40].
B. BASE STATION DESCRIPTION
The BS has Nrx antennas and NRFrx RF chains. A hybrid
analog-digital architecture with a dynamic subarray structure
is considered for the BS. In the analog part, each RF chain is
only connected to a subset of R = Nrx
/
NRFrx antennas cho-
sen dynamically. The fully connected, fixed sub-connected
and dynamic sub-connected architectures are represented
in Fig. 2 a), b) and c), respectively. The considered system
has the parameter constraint U ≤ NRFrx ≤ Nrx .
The received signal yk at the kth subcarrier is given by
yk =
U∑
u=1
Hu,kxu,k + nk , (2)
where Hu,k ∈ CNrx×Ntx denote the channel of the uth UT and
nk ∈ CNrx the zero-mean Gaussian noise with σ 2n variance.
To recover the transmitted data from the received signal a
hybrid multi-user equalizer with a digital iterative procedure
is considered at the receiver. As shown in Fig. 3, the received
signal is firstly processed by the analog part of the equal-
izer through the analog phase shifters. Then, the signal is
processed by the NRFrx RF chains and goes through digital
iterative processing composed of a closed loop with forward
and feedback paths. Therefore, the received signal at the kth
subcarrier and ith iteration is given by
c˜(i)k =W(i)d,k (Wa)Hyk − B(i)d,k cˆ(i−1)k , (3)
where c˜(i)k = [ c˜(i)1,k · · · c˜(i)U ,k ]T ∈ CU is the concatenation
of the processed received signal of all UTs. The matrix
Wa ∈ CNrx×NRFrx represents the analog equalizer fixed over
the subcarriers, and the matrices W(i)d,k ∈ CU×N
RF
rx and
B(i)d,k ∈ CU×U are the digital feedforward and digital feed-
back coefficients at the ith iteration and the kth subcarrier,
respectively. The magnitude of the analog equalizer coeffi-
cients is restricted to be either 0 or R−1/2, i.e., |Wa(n, l)|2 ∈
{0,R−1}, ∀n ∈ {1, . . . ,Nrx}, l ∈ {1, . . . ,NRFrx }. For the uth
UT at the ith iteration, we have cˆ(i)k =
[
cˆ(i)1,k · · · cˆ(i)U ,k
]T ∈
CU , where the sequence
{
cˆ(i)u,k
}S
k=1 is the FFT of
{
sˆ(i)u,t
}S
t=1,
i.e., the FFT of time domain data estimates. Moreover,
the symbols sˆ(i)u,t represent the hard decisions associated with
the M-QAM constellation.
C. CHANNEL MODEL
A clustered channel model with Ncl clusters and Nray prop-
agation paths per cluster was adopted. For the uth UT,
the delay-d channel matrix Hu,d ∈ CNrx×Ntx , such that
E[
∥∥Hu,d∥∥2F ] = NrxNtx , may be expressed as
Hu,d =
√
NrxNtx
ρPL
Ncl∑
q=1
Nray∑
l=1
(
αuq,lprc(dTs − τ uq − τ uq,l)
× atx,u(θuq − ϑuq,l)aHrx,u(φuq − ϕuq,l)
)
, (4)
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FIGURE 2. Analog part: (a) fully connected; (b) subconnected with fixed subarray; (c) subconnected with dynamic subarray.
FIGURE 3. Proposed receiver structure.
and its frequency domain version at subcarrier k as
Hu,k =
D−1∑
d=0
Hu,de
−j 2pikNc d . (5)
The path delays are uniformly distributed in [0,DTs], where
TS is the sampling interval and D is the cyclic prefix length.
The path loss between the UT and the BS is ρPL , while the lth
ray in the qth cluster has a complex path gain equal to αuq,l .
The function prc (.) is a rectangular window. The angles of
arrival φuq (AoA) and departure θ
u
q (AoD) of qth cluster, and
the relative angles of arrival ϕuq,l and departure ϑ
u
q,l of the lth
ray from qth cluster, have the random distribution presented
in [21]. The qth cluster has a time delay τ uq , and its lth ray has a
relative time delay equal toτ uq,l . The vectors arx,u and atx,u are
the normalized receive and transmit array response vectors of
uth UT, respectively, given for an N -element uniform linear
array (ULA) by
aULA(θ ) = 1√
N
[
1, ej2pi
γ
λ
sin(θ ), . . . , ej2pi
γ
λ
sin(θ )(N−1)]T , (6)
where λ and γ are the wavelength and the interelement
spacing, respectively. The channel matrix of the uth UT at
the kth subcarrier can also be written as
Hu,k = Arx,u1u,kAHtx,u, (7)
where the paths gain of the lth ray from the qth cluster com-
prise the diagonal of diagonal matrix1u,k ∈ CNclNray×NclNray .
Atx,u = [atx,u(θu1 − ϑu1,1), . . . , atx,u(θuNcl − ϑuNcl ,Nray ))] ∈
CNtx×NclNray and Arx,u = [arx,u(φu1 − ϕu1,1), . . . , arx,u(φuNcl −
ϕuNcl ,Nray ))] ∈ CNrx×NclNray are the matrices of the uth user
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corresponding to the concatenation of all transmit and receive
array response vectors, respectively.
III. HYBRID MULTI-USER EQUALIZER DESIGN
The design of joint iterative analog and digital equalizers
is not feasible, since it would require the storage of ana-
log signals to apply the iterative structure in the analog
domain. Therefore, a sub-optimal two-step hybrid multi-user
receiver structure with a dynamic subarray is designed in
this section. The main challenge relative to the fixed sub-
connected subarray architecture is the necessity to design
an efficient algorithm to dynamically map the antennas to
the RF chains. In the following derivation, the closed-form
iterative digital equalizer is firstly obtained as a function of
the analog part of the equalizer. Then, the analog equalizer
with dynamic antenna mapping, which cannot be obtained
iteratively, is derived assuming that the digital part will fully
remove the interference. Finally, the digital equalizer is iter-
atively computed using the analog fixed coefficients.
A. DIGITAL PART OF EQUALIZER
In this section, we describe in detail the digital part of the
equalizer. In [40] and [41], a brief discussion was provided
for fixed fully connected and subconnected architectures,
respectively. As previously mentioned, the hybrid equalizer
is designed by minimizing the sum of the MSE of all sub-
carriers. Mathematically, the optimization problem may be
formulated as(
Wa,W
(i)
d,k ,B
(i)
d,k
)
= argmin
S∑
k=1
MSE(i)k
s.t.
S∑
k=1
diag(W(i)d,k (Wa)
HHk ) = SIU
Wa ∈Wa , (8)
where Hk =
[
H1,k fa,1 · · · HU ,k fa,U
] ∈ CNrx×U is the over-
all equivalent channel at the kth subcarrier and Wa denotes
the set of feasible analog coefficients. The power constraint
of (8) is imposed to avoid biased estimates [36]. The MSE
at the ith iteration and kth subcarrier, MSE(i)k , derived in
Appendix A, is given by
MSE(i)k = E[||c˜(i)k − ck ||2]
=
∥∥∥W(i)ad,kHk − B(i)d,k9(i−1) − IU∥∥∥2F σ 2u
+
∥∥∥B(i)d,k (IU − |9(i−1)|2)1/2∥∥∥2F σ 2u
+
∥∥∥W(i)ad,k∥∥∥2F σ 2n , (9)
where W(i)ad,k = W(i)d,k (Wa)H . 9(i) ∈ CU×U is a blockwise
reliability measure matrix, which is diagonal and whose uth
diagonal element gives the measure associated with uth block
at the ith iteration [32]. The correlation coefficients of9(i) for
QPSK and for high-order modulations can be estimated at the
BS, as presented in [36] and [34], respectively.
For anM-QAMconstellation with Graymapping, the aver-
age BER is given by
BER = α
US
U∑
u=1
S∑
k=1
Q
(√
β
(
MSE(i)k,u
)−1)
, (10)
where α = 4(1 − 1/√M )/ log2[M ], β = 3/(M − 1),
Q(.) denotes the Q-function, MSE(i)k,u is the mean square error
on samples c˜(i)k,u, with MSE
(i)
k =
∑U
u=1MSE
(i)
k,u, at iteration i.
To find the feedback matrix B(i)d,k , we can consider the
unconstrained optimization problem (8) once B(i)d,k is inde-
pendent of the problem constraints, i.e.,
B(i)d,k = argmin
S∑
k=1
MSE(i)k , (11)
whose solution is obtained from the KKT conditions,
∂
(
S∑
k=1
MSE(i)k
)/
∂
(
B(i)d,k
)
= 0, and given by
B(i)d,k =
(
W(i)d,k (Wa)
HHk − IU
) (
9(i−1)
)H
. (12)
By replacing (12) in (9), we have MSE(i)k = σ 2uMSE
(i)
k + c,
where c is a constant independent of the optimization problem
variables, as shown in Appendix B, with
MSE
(i)
k =
∥∥∥∥(W(i)d,k (Wa)H −W(i)fd,k) (R˜(i−1)k )1/2∥∥∥∥2
F
, (13)
W
(i)
fd,k = (IU − |9(i−1)|2)HHk
(
R˜(i−1)k
)−1
, (14)
R˜(i−1)k = Hk (IU − |9(i−1)|2)HHk + σ 2n σ−2u INrx . (15)
The matrix W
(i)
fd,k denotes the non-normalized fully digi-
tal equalizer, derived in Appendix C. Note that the use of
MSE(i)k or MSE
(i)
k in the objective function of problem (8)
does not affect its solution since MSE(i)k is equal to MSE
(i)
k up
to a constant. This means that the minimization of the MSE(i)k
given by (9) is equivalent to the minimization of the weighted
error between the hybrid equalizer and the non-normalized
fully digital, MSE
(i)
k , given by (13). Therefore, the digital
feedforward equalizer W(i)d,k , as a function of the analog
equalizerWa, is obtained from the optimization problem,
W(i)d,k [Wa] = argmin
S∑
k=1
MSE
(i)
k
s.t.
S∑
k=1
diag(W(i)d,k (Wa)
HHk ) = SIU , (16)
and it has the following solution as demonstrated in
Appendix D,
W(i)d,k [Wa] = dHHk Wa
(
R(i−1)d,k
)−1
, (17)
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where
d = S
(
S∑
k=1
diag
(
HHkWa
(
R(i−1)d,k
)−1
(Wa)HHk
))−1
, (18)
R(i−1)d,k = (Wa)H R˜(i−1)k Wa. (19)
The matrix d forces the power constraint of (16). The
solution (17) is a stationary point of the optimization prob-
lem (16), since the partial derivatives of the associated
Lagrangian vanish at this point, as shown in Appendix D.
The pseudocode used to compute the digital part of the
equalizer as a function of the analog equalizer is presented
in Algorithm 1. Initially, 9(0) = 0U and the iterative digital
equalizer reduces to the standard minimum mean square
error (MMSE) equalizer. For each iteration i > 0, a new
blockwise reliability measure matrix 9(i) is computed and
the feedforward and feedback equalizer matrices W(i)d,k and
B(i)d,k , respectively, are updated.
B. ANALOG EQUALIZER WITH DYNAMIC ANTENNA
MAPPING DESIGN
As mentioned, the analog equalizer should remain constant
over the digital iterations due to hardware constraints. There-
fore, to calculate the result, we need to fix the coefficients of
matrix 9(i) computed in the iterative digital part. This matrix
represents a crucial parameter to ensure good receiver perfor-
mance because it supplies a blockwise reliability measure of
the estimates employed in the feedback loop [19], [40]. As the
number of iterations increases, the estimates are more reli-
able, and the coefficients tend toward 1. Therefore, to com-
pute the analog phase shifters, we consider this extreme case,
where the estimates are fully reliable, and from (14),W
(i)
fd,k is
equivalent to the maximal ratio combining (MRC) equalizer
Wfd,k = HHk . (20)
From the definition ofW
(i)
fd,k given by (14), the R˜k matrix is
R˜k = σ 2n σ−2u IU . (21)
To optimize the analog part of the hybrid equalizer, we con-
sider a sequential procedure over the RF chains and antennas;
i.e., for each RF chain, a set of antennas connected to it is
dynamically selected.
Let wa,r ∈ CNrx be the equalizer vector of the
r th RF chain (which corresponds to the r th column
of Wa) and define Wad,k,r = Wd,k,r (Wa,r )H , which
corresponds to feedforward analog-digital equalizer, with
Wa,r = [wa,1, . . . ,wa,r ] ∈ CNrx×r and Wd,k,r =
[wd,k,1, . . . ,wd,k,r ] ∈ CU×r , where wd,k,r ∈ CU .
AsWd,k,r = [Wd,k,r−1,wd,k,r ] andWa,r = [Wa,r−1,wa,r ],
the hybrid equalizer at the r th step can be given by
Wad,k,r =Wad,k,r−1 + wd,k,r
(
wa,r
)H
, (22)
for r = 1, . . . ,NRFrx . At the r th step of the algorithm,
Wad,k,r−1 is already known because the matrix Wa,r−1 was
computed in the previous steps, and Wd,k,r−1 can be com-
puted by (17) for 9 = IU . Replacing (22) in (13), we obtain
the optimization problem that allows for finding the analog
vector that satisfies (8).
wa,r = argmin
S∑
k=1
∥∥∥wd,k,rwHa,r −Wres,k,r−1∥∥∥2F
s.t. wa,r ∈ Fa,r , (23)
where Fa,r , for step r , denotes the set of feasible analog vec-
tors. The difference between the nonnormalized fully digital
equalizer and the hybrid equalizer is denoted here as a residue
matrix, given by Wres,k,r−1 = Wfd,k − Wad,k,r−1. The
receive amplitude constraint of (8) does not appear in (23)
because it is assured by (17) in the digital feedforward equal-
izer equation.
It can be shown that from the KKT conditions of (23),
the r th vector of digital feedforward equalizer is
wd,k,r =Wres,k,r−1wa,r
(
wHa,rwa,r
)−1
. (24)
Replacing (24) in (23), the objective function of (23) is equiv-
alent to
S∑
k=1
∥∥∥wd,k,rwHa,r −Wres,k,r−1∥∥∥2F
=
S∑
k=1
tr
{
Wres,k,r−1WHres,k,r−1
}
−
S∑
k=1
tr
{
Wres,k,r−1wa,r
(
wHa,rwa,r
)−1
wHa,rW
H
res,k,r−1
}
, (25)
where we can see that the first term of (25) is independent of
wa,r , while the second term is a correlation involving wa,r .
Thus, by maximizing the second term of (25), we minimize
the objective function of (23), i.e., solving the referred opti-
mization problem. Then, we use this term as a metric to select
the best vector from Fa,r to build the analog equalizer. This
term is equivalent to
S∑
k=1
wHa,rW
H
res,k,r−1Wres,k,r−1wa,r
wHa,rwa,r
=
S∑
k=1
∥∥Wres,k,r−1wa,r∥∥2∥∥wa,r∥∥2 .
(26)
Therefore, the new optimization problem (23) can be simpli-
fied to
wa,r = argmax
S∑
k=1
∥∥Wres,k,r−1wa,r∥∥2∥∥wa,r∥∥2
s.t. wa,r ∈ Fa,r . (27)
As previously mentioned for the dynamic subarray structure
each RF chain is only connected to a subset of R antennas.
Therefore, the codebook to compute (27) is defined as the set
of vectors withR nonzero entries, which results in a codebook
with a cardinality NrxCR. For practical values of Nrx and R,
this results in a very large codebook dimension. Therefore,
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to simplify the search process, the procedure is divided into
R steps, where in each step, one antenna is selected. The
antennas selected in previous steps are not considered in
the next steps. Please note that R steps are required per RF
chain. In the following the steps are indexed by variable
m ∈ {1, . . . ,R}. Let A = {1, . . . ,Nrx} denote the set of all
antenna indexes, Ir , r ∈ {1, . . . ,NRFrx } the set of all indexes
of the previously selected antennas of the r th RF chain and
define I = I1 ∪ . . . ∪ Ir as the set of all selected antenna
indexes up to the r th RF chain, then wa,r ∈ CNrx may be
decomposed as
wa,r = wa,r (p)ep + wIr +
∑
b∈A\{I∪p}
wa,r (b)eb (28)
where wIr =
∑
q∈Ir wa,r (q)eq and p ∈ A\I denotes
the index of the antenna to be connected to the r th RF
chain in the current step. Since only one antenna is con-
nected per step wa,r (b) = 0,∀b ∈ A\{I ∪ p}. Therefore,
the objective of the step m is to select index p from the
set A\I and the value of the corresponding r th RF chain
phase shifter (wa,r (p)) from the set of complex numbers with
magnitude R−1, denoted byM in the following. LetMd ={
R−1/2ej2pi1/N1 , 1 = 0, . . . ,N1 − 1
}
, denote the discrete
version of set M with N1 = 2b, where b is the number of
quantization bits, then entry p of wa,r may be parametrized
as wa,r (p) = R−1/2ej2pi1/N1 , with 1 ∈ {0, . . . ,N1 − 1}.
From the previous statements and accordingly to (28) the
optimization problem (27) at step the m simplifies to
wa,r (p) = arg max
(wa,r (p),p)
f(p,wa,r (p))
s.t. p ∈ A\I,
wa,r (p) = R−1/2ej2pi1/N1 ,
1 ∈ {0, . . . ,N1 − 1}, (29)
where
f(p, x) =
S∑
k=1
∥∥Wres,k,r−1 (xep + wIr )∥∥2∥∥xep + wIr∥∥2 . (30)
Please note that problem (29) may be solved by consid-
ering all pairs from the set S = {(p,1)|p ∈ A\I,
1 ∈ {0, . . . ,N1 − 1}} and selecting the one which max-
imizes f
(
p,R−1/2ej2pi1/N1
)
. It should be pointed out that
since the full space of solutions is considered, when opti-
mizing (29), the obtained solution is optimal. However, as a
sequential approach is used to obtain the analog equalizer
matrix, the obtained solutionmay not correspond to the global
optimum point of problem (8), which is a combinatorial
optimization problem.
The pseudocode of this optimization problem is presented
in Algorithm 2. For the r th RF chain, we need to select R
antennas from the available Nrx − R(r − 1) antennas, with
Wres,k,r−1 and I as inputs that represent the residue and the
set of selected antenna indexes until the r th RF chain. From
rows 2 to 5, the metric of (29) is computed for all phases
and remaining antennas. Then, the best antenna and phase
indexes are selected in row 6. From this information, the ana-
log equalizer is computed for the r th RF chain. After that,
the antenna indexes are updated to select the next antenna of
this RF chain. Finally, the algorithm is repeated for the other
RF chains.
As seen, the digital and analog parts are optimized sep-
arately in algorithm 1 and 2, respectively. The output of
the Algorithm 2 that remains constant is the input of the
Algorithm 1, which iteratively updates the digital part of the
equalizer.
Algorithm 1 Digital Part of the Equalizer
Input: Wa
1: 9(0) = 0U
2: R˜(0)k = Hk (IU − |9(0)|2)HHk + σ 2n σ−2u INrx
3: for i = 1, . . . , imaxdo
4: W(i)d,k = dHHk Wa
(
(Wa)H R˜
(i−1)
k Wa
)−1
5: B(i)d,k =
(
W(i)d,k (Wa)
HHk − IU
) (
9(i−1)
)H
6: Compute 9(i)
7: R˜(i)k = Hk (IU − |9(i)|2)HHk + σ 2n σ−2u INrx
8: end for
9: returnW(i)d,k , B
(i)
d,k
Algorithm 2 Analog Equalizer for Dynamic Architecture
Inputs:Wres,k,r−1,I
Ir = Empty set, wa,r = 0
1: for m = 1, . . . ,R do
2 F = 0
3: for 1 = 0, . . . ,N1 − 1, p = A I do
4: F(p,1) = f (p,R−1/2ej2pi1/N1)
5: end for
6: (popt ,1opt ) = arg max
p∈A I,1∈{0,...,N1−1}
F(p,1)
7 wa,r (popt ) = R−1/2 exp
(
j 2pi1opt
/
N1
)
8: Ir = [Ir |popt ]
9: I = [I|popt ]
10: end for
11: return I, wa,r
C. COMPLEXITY ANALYSIS
In this section, we evaluate the complexity of the proposed
receiver that may be divided into two parts: 1) digital part of
the equalizer computation and 2) dynamic analog equalizer
part.
The computation of the digital equalizer requires the inver-
sion of a U × U matrix and thus has complexity O(U3). Let
imax be the maximum number of iterations used in the digital
equalizer. Then, the total complexity due to the digital part is
O(imaxU3).
The computation of the dynamic analog equalizer needs
an evaluation of the metric in (29) for all the Nrx antennas
and N1 phases. The computation of this metric requires the
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FIGURE 4. Performance of the proposed hybrid equalizer for different
numbers of quantization bits, with U = NRFrx = 2,Nrx = 32, and R = 16.
product between a matrix and a vector for each phase and
antenna, whose complexity used is O(N1N 2rxU ). These oper-
ations are repeated NRFrx times, and then the complexity of
the algorithm is O(NRFrx N1N
2
rxU ). Therefore the complexity
of the analog part increases quadratically with the number
of receive antennas. The total complexity of the proposed
equalizer computation is O(imaxU3 + NRFrx N1N 2rxU ).
IV. PERFORMANCE RESULTS
Themain performance results are shown in this section for the
proposed hybrid receiver structure. For each UT, a wideband
mmWave channel model (4) with Ncl = 4 clusters, each one
with Nray = 5 rays, is considered. As in [21], the azimuth
AoD and AoA have a Laplacian distribution, and the complex
path gain of the lth path from the qth cluster αuq,l is a random
complex Gaussian variable, i.e., CN (0, 1) . The angle spread
for both the transmitters and the receiver is set to 10 degrees.
We assume that the average power for all Ncl clusters is the
same and that the path delays have a uniform distribution in
the CP interval.
We assume that the antenna element spacing is half-
wavelength with a carrier frequency equal to 72 GHz [39].
We also assume that the UTs and the BS employ ULAs;
however, this receiver structure can be applied for other con-
figurations. The system supports Nc = 512 subcarriers and a
CP of length D = Nc/4 = 128. The length of each detected
block at the BS is S = 128. TheQPSKmodulation is adopted,
and a perfect synchronization and CSI are assumed at the BS
side.
We present results for scenarios in which the number of
transmit antennas is Ntx = 16. The results are presented
in terms of BER as a function of the ratio of the average
bit energy and the one-sided noise power spectral density,
i.e., Eb/N0. We assume that Eb/N0 = σ 2u /(2σ 2n ) = σ−2n /2
and its averages are identical for all UTs, where
σ 21 = . . . ,= σ 2U = 1.
First, let us study the number quantization bits of
phase shifters b needed to achieve the best performance.
Fig. 4 shows the results for iterations 1 and 4, U = NRFrx = 2
FIGURE 5. Simulated and theoretical performance of the proposed
equalizer for subconnected architectures with dynamic subarray
antennas, where U = NRFrx = 4 and Nn = 64, i.e., R = Nrx /NRFrx = 16.
and Nrx = 32, which means that the number of antennas per
RF chain is R = Nrx
/
NRFrx = 16. From this result, we can
see that increasing the number of quantized bits improves
the performance as expected. It can be concluded that for the
performance of b = 3 and b = 4, the curves almost overlap,
and 4 quantization bits are sufficient. Hereinafter, the results
are thus obtained for b = 4.
Now, let us evaluate the proposed hybrid multi-user equal-
izer for subconnected architectures with dynamic subarray
antennas. First, in Fig. 5, we present the semianalytic curves
for iterations 1, 2, 4, and 6, with U = NRFrx = 4 and
Nrx = 64, obtained from eq. (10). The theoretical curves
almost overlapwith the simulation curves. Therefore, we con-
clude that the Gaussian approximation made in the deriva-
tion of the proposed algorithm, namely, in (31), is very
accurate for all iterations and for the entire Eb/N0 range.
We also can see that the performance obtained for 4 iter-
ations is approximately the same obtained for 6 iterations.
Fig. 6 presents the BER as functions of the number of iter-
ations for Eb
/
N0 = −5 dB. It can be seen that increasing
the number of iterations of the digital equalizer the perfor-
mance improves and the algorithm converges to a BER of
6.0 × 10−5with a few number of iterations (4 iterations in
the considered scenario). This means that 4 iterations in the
digital part are enough and thus in the following figures we
only present results for 1 and 4 iterations.
Then, the results are compared with the hybrid multi-
user equalizer proposed in [40] for fully connected architec-
tures and with the one in [41] for subconnected architectures
with fixed subarray antennas. Fig. 7 presents the results for
U = NRFrx = 4, Nrx = 64 and R = 16. As expected,
the performance of all hybrid multi-user equalizers improves
with the number of iterations. The results are only presented
for 1 and 4 iterations for clarity, and for more than 4 iterations,
the curves almost overlap. From Fig. 7, we can see that
the proposed hybrid subconnected equalizer with dynamic
antenna mapping outperforms the subconnected fixed sub-
array antenna equalizer for both iterations. At iteration 4,
the proposed hybrid dynamic equalizer almost achieves the
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FIGURE 6. Simulated and theoretical performance for Eb/N0 = −5dB of
the proposed equalizer for subconnected architectures with dynamic
subarray antennas, where Nrx = 64 and Nrx = 64, i.e., R = Nrx /NRFrx = 16.
FIGURE 7. Performance comparison between the fully connected and
subconnected (fixed subarray) with the proposed equalizer for
subconnected architectures with dynamic subarray antennas, where
U = NRFrx = 4 and Nrx = 64, i.e., R = Nrx /NRFrx = 16.
TABLE 2. Gap in dB between the equalizers at a target BER of 10−3 for
the different architectures.
performance of the fully connected equalizer, with lower
hardware complexity. The gaps between the different equal-
izers at a target BER of 10−3 are presented in Table 2. For
example, we can see in iteration 4 that there is a gain of 1.4 dB
in the dynamic equalizer compared with the fixed one.
Fig. 8 presents the results for U = NRFrx = 4,
Nrx = 128 andR = 32, where the number of receive antennas
and the number of antennas per RF chain is double. As the
number of RF chains is the same, only the complexity of the
analog part is increased, which has a lower impact on the cost
and power consumption of the overall architecture. The aim
is to evaluate the performance impact of the analog part of
FIGURE 8. Performance comparison between the fully connected and
subconnected (fixed subarray) with the proposed equalizer for
subconnected architectures with dynamic subarray antennas, where
U = NRFrx = 4 and Nrx = 128, i.e., R = Nrx /NRFrx = 32.
FIGURE 9. Performance comparison of the proposed equalizer for
subconnected architectures with dynamic subarray antennas, where
Nrx = 64.
the different equalizers while keeping the digital one approx-
imately the same. Comparing the results of Figs. 7 and 8,
we can see that the performance of the equalizers for fully
connected and dynamic subconnected architectures improves
when the number of receive antennas (and consequently the
number of antennas per RF chain) increases. The fixed sub-
connected version has theworst performance becausewithout
any antenna selection criteria, the analog part deals poorly
with multi-user scenarios, and the input signal in the digital
part has higher levels of interference. From Table 2, we can
see a gain of 4.6 dB in the dynamic equalizer compared with
the fixed subconnected one. Therefore, the proposed dynamic
equalizer offers a promising approach for future wireless sys-
tems where we want to reduce costs and power consumption
by performing part of the processing in the analog domain.
Finally, in Fig. 9, we compare the performance of the
proposed equalizer for a different number of RF chains for
a fixed number of receiving antennas. The worst case (full
loaded) scenario is assumed, i.e.,U = NRFrx , since to separate
Udata streams, at least U RF chains are required. We can see
from Fig. 9 that for iteration 1, the average BER performance
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improves when the number of users decreases. This occurs
because increasing the number of active users increases the
interference level, and the digital equalizer cannot efficiently
remove the interference. In contrast, for iteration 4, the aver-
age BER performance improves when the number of users
increases. This occurs because as we also increase the number
of RF chains at the receiver, i.e., the degrees of freedom of the
digital part is also increased, and the iterative procedure of the
digital part can efficiently remove the additional interference;
therefore, the performance tends to the single user 1 × NRFrx
system.
V. CONCLUSIONS
In this paper, we proposed a hybrid multi-user equalizer
for the uplink of broadband mmWave mMIMO SC-FDMA
systems with dynamic subarray antennas. The equalizer was
designed by the minimizing the sum of theMSE of all subcar-
riers using a two-step approach, where the digital equalizers
are iterative and computed on a per subcarrier basis, while
the analog equalizer, because of hardware constraints, is fixed
over the iterations and subcarriers. The analog equalizer with
dynamic antenna mapping was derived to connect the best
set of antennas and the phase shifters to each RF chain. This
was done sequentially by considering the previous antenna
mapping and phase shifter values to select a new antenna
and phase shifter. We also proposed a simple yet accurate
semianalytical approach for obtaining the performance of the
proposed scheme.
The results showed that the proposed multi-user equalizer
is quite efficient at mitigating the multi-user and the inter-
symbol interferences, achieving a BER performance close to
the fully connected counterpart with just a few phase shifter
quantization bits, thus requiring much less complexity and
cost in terms of hardware.Moreover, the BER performance of
the proposed equalizer outperformed the fixed subconnected
counterpart. Therefore, the proposed dynamic subconnected
hybrid two-step hybrid multi-user equalizer is a good choice
for real broadband mmWave SC-FDMA systems employing
mMIMO terminals.
APPENDIX
A. OBTAINING MSE(i )k EXPRESSION
For entries approximately Gaussian distributed as
ck = [cu,k ]1≤u≤U ∈ CU , it can be proven that the input-
output relationship between ck and cˆ
(i)
k , k ∈ {1, . . . , S} is [38]
cˆ(i)k ≈ 9(i)ck + ˆ(i)k , k ∈ {1, . . . , S}, (31)
where ˆ(i)k ∈ CU is the zero mean error, uncorrelated with
ck , k ∈ {1, . . . , S}. The error between c˜(i)k , given by (3), and
ck , i.e., ˜
(i)
k = c˜(i)k − ck , is given by
˜
(i)
k =
(
W(i)ad,kHk − IU − B(i)d,k9(i−1)
)
ck︸ ︷︷ ︸
Residual ISI
− B(i)d,k ˆ(i−1)k︸ ︷︷ ︸
Errors from estimate cˆ(i)k
+ W(i)ad,knk︸ ︷︷ ︸
Channel Noise
, (32)
where we can identify three types of errors: the residual ISI,
the error estimate of cˆk , and the error due to the channel noise.
From (32), we can obtain (9), making MSE(i)k = E[||˜(i)k ||2]
for the uth UT, using the properties of the Frobenius norm.
B. EQUIVALENCE BETWEEN MSE(i )k AND MSE
(i )
k
Let I9 = IU − |9(i−1)|2. From (9) and (12), we obtain the
MSE(i)k as
MSE(i)k =
∥∥∥(W(i)ad,kHk−IU )I1/29 ∥∥∥2F σ 2u +∥∥∥W(i)ad,k∥∥∥2F σ 2n . (33)
By applying the properties of the Frobenius norm to (33),
we obtain
MSE(i)k
= tr
{
(W(i)ad,kHk − IU )I9 (W(i)ad,kHk − IU )Hσ 2u
+W(i)ad,k
(
W(i)ad,k
)H
σ 2n
}
= tr
{
+W(i)ad,k
(
σ 2uHkI9 (Hk)
H + σ 2n IU
) (
W(i)ad,k
)H
−W(i)ad,kHkI9σ 2u − I9 (Hk)H
(
W(i)ad,k
)H
σ 2u + I9σ 2u
}
.
(34)
Replacing (14) and (15) in (34), it can be shown that the
MSE(i)k is
MSE(i)k = σ 2u
∥∥∥∥(W(i)ad,k −W(i)fd,k) (R˜(i−1)k )1/2∥∥∥∥2
F
+ σ 2u tr
{
I9 −W(i)fd,k
(
W
(i)
fd,k
)H}
, (35)
and by (13), definition of MSE
(i)
k , we prove that
MSE(i)k =σ 2uMSE
(i)
k + σ 2u tr
{
I9−W(i)fd,k
(
W
(i)
fd,k
)H}
. (36)
C. FULL-DIGITAL EQUALIZER DERIVATION
Since the full-digital architectures are characterized by hav-
ing the number of RF chains equal to the number of antennas,
we can obtain the full-digital equalizerW(i)fd,k , makingWa =
INrx (or any other invertible square matrix, since N
RF
rx = Nrx)
and thenW(i)fd,k =W(i)d,k [INrx ]. Therefore, from (17),W(i)fd,k is
given by
W(i)fd,k = HHk
(
R˜(i−1)k
)−1
, (37)
with
 = S
(
S∑
k=1
diag
(
HHk
(
R˜(i−1)k
)−1
Hk
))−1
. (38)
Making (IU − |9(i−1)|2)−1W(i)fd,k , we obtain (14),
i.e., W(i)fd,k = (IU − |9(i−1)|2)−1W
(i)
fd,k , and then W
(i)
fd,k
denotes a nonnormalized version of fully digital equalizer.
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D. OPTIMIZATION PROBLEM (16) SOLUTION
For the optimization problem of (16), the associated
Lagrangian is
L
(
µu,W
(i)
d,k
)
=
S∑
k=1
∥∥∥∥(W(i)d,k (W(i)a )H − (W(i)fd,k )opt)(R˜(i−1)k )1/2∥∥∥∥2
F
+
U∑
u=1
µutr
(
W(i)d,k
(
W(i)a
)H
HkeueHu
)
×
U∑
u=1
µu
 S∑
k ′=1,k ′ 6=k
tr
(
W(i)d,k ′
(
W(i)a
)H
Hk ′eueHu
)
−S
, (39)
where the coefficients µu, u ∈ {1, . . . ,U} are the Lagrange
multipliers, and eu ∈ CU . The partial derivative of (39) in
order toW(i)d,k is
∂L
(
µu,W
(i)
d,k
)
∂
(
W(i)d,k
) = (W(i)d,k (W(i)a )H −W(i)fd,k) R˜(i−1)k W(i)a
+
U∑
u=1
µueueHu H
H
k W
(i)
a . (40)
Replacing (14) in (40), and with the result equal to zero,
we have
W(i)d,k
(
W(i)a
)H
R˜(i−1)k W
(i)
a −dHHk W(i)a = 0 , (41)
where d = IU − |9(i−1)|2 −
U∑
u=1
µueueHu is a diagonal
matrix whose entries correspond to the redefined Lagrange
multipliers. The expression of the digital feedforward equal-
izer, (17), is then obtained from (41). From constraint
S∑
k=1
diag(W(i)d,k (W
(i)
a )HHk ) = SIU , we can also obtain (18).
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